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Abstract
The global equi-continuity estimate on Lp-viscosity solutions of
bilateral obstacle problems with unbounded ingredients is established
when obstacles are merely continuous. The existence of Lp-viscosity
solutions is established via an approximation of given data. The lo-
cal Ho¨lder continuity estimate on the first derivative of Lp-viscosity
solutions is shown when the obstacles belong to C1,β, and p > n.
1 Introduction
In this paper, we consider the following bilateral obstacle problem
min{max{F (x,Du,D2u)− f, u− ψ}, u− ϕ} = 0 in Ω, (1.1)
under the Dirichlet condition u = g on ∂Ω, where Ω ⊂ Rn is a bounded
domain, F is at least a measurable function on Ω × Rn × Sn, and f , ϕ, ψ
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and g are given. We denote by Sn the set of all n× n real-valued symmetric
matrices with the standard order, and set
Snλ,Λ := {X ∈ Sn | λI ≤ X ≤ ΛI} for 0 < λ ≤ Λ.
In contrast, unilateral obstacle problems are described by Bellman equa-
tions
max{F (x,Du,D2u)− f, u− ψ} = 0 in Ω, (1.2)
or
min{F (x,Du,D2u)− f, u− ϕ} = 0 in Ω. (1.3)
In [27], Lions-Stampacchia first introduced unilateral obstacle problems
as an example of variational inequalities. Then, in [3, 26], regularity of
solutions of obstacle problems was studied by Brezis-Stampacchia and Lewy-
Stampacchia. Afterwards, there appeared numerous researches on unilateral
obstacle problems when F are partial differential operators of divergence
form. We only refer to [16, 19, 30] and references therein for the existence
and regularity of solutions of obstacle problems and applications.
When F is a linear second-order uniformly elliptic operator with smooth
coefficients in (1.2) or (1.3), as a crucial regularity result of solutions (i.e.
W 2,∞(Ω)) of unilateral obstacle problems, we refer to [18]. We also refer to
[25] for W 2,∞loc (Ω) regularity of solutions of (1.2) when F is given by the max-
imum of a finite number of linear second-order uniformly elliptic operators
with smooth coefficients.
We also note that unilateral obstacle problems arise in stochastic optimal
stopping time problems. We refer to [15, 34] and references therein for this
issue.
Going back to bilateral obstacle problems, we refer to [29] and [11], respec-
tively, for a nice review and a pioneering regularity result. As an application,
we also refer to [10].
We note that equation (1.1) is formally equivalent to the following prob-
lem: 
F (x,Du,D2u) ≤ f(x) in {x ∈ Ω | u(x) > ϕ(x)},
F (x,Du,D2u) ≥ f(x) in {x ∈ Ω | u(x) < ψ(x)},
ϕ ≤ u ≤ ψ in Ω.
Furthermore, we notice that (1.1) can be regarded as the following Isaacs
equation
min
α∈[0,1]
max
β∈[0,1]
{Fα,β(x, u,Du,D2u)− fα,β} = 0 in Ω,
2
where for two parameters α, β ∈ [0, 1],
Fα,β(x, r, ξ,X) = αβF (x, ξ,X) + α(1− β)r + (1− α)r
and
fα,β(x) = αβf(x) + α(1− β)ψ(x) + (1− α)ϕ(x),
because of the fact that for A,B,C ∈ R,
A ∧ (B ∨ C) = min
α∈[0,1]
max
β∈[0,1]
{αβA+ α(1− β)B + (1− α)C}.
Here and later, we use the notations: for a, b ∈ R,
a ∨ b := max{a, b}, a ∧ b := min{a, b}, a+ := a ∨ 0 and a− := (−a) ∨ 0.
On the other hand, we have few results when F has non-divergence struc-
ture even for unilateral obstacle problems. Duque in [12] recently showed
interior Ho¨lder estimates on viscosity solutions of bilateral obstacle problems
for fully nonlinear uniformly elliptic operators with no variable coefficients,
no first derivative terms and constant inhomogeneous terms but only assum-
ing that the obstacles are Ho¨lder continuous;
F (x, ξ,X) = F (X) for (x, ξ,X) ∈ Ω× Rn × Sn,
f ≡ C,
ϕ, ψ ∈ Cα(Ω) for some α ∈ (0, 1).
Assuming the above hypotheses, in [12], we obtain the existence of viscosity
solutions of (1.1) under the Dirichlet condition, and interior Ho¨lder estimates
on the first derivative of viscosity solutions of (1.1) when obstacles are in C1,β
for β ∈ (0, 1). The results associated with parabolic problems are also shown
in [12]. We refer to [23, 24] for very recent related topics, and to [7] for a
different approach via Tug-of-War games.
Although a clever use of the weak Harnack inequality was adapted to
show those estimates in [12], in order to extend the results to more general
F and f , it seems difficult to establish the estimates near the free boundary
and near ∂Ω.
Our aim in this paper is to extend results in [12] when F is a fully nonlin-
ear uniformly elliptic operator. More precisely, under more general hypothe-
ses than those in [12], we show the equi-continuity of Lp-viscosity solutions
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of (1.1) in Ω, the existence of Lp-viscosity solutions of (1.1), and their local
Ho¨lder continuity of derivatives under additional assumptions.
For the corresponding results of parabolic obstacle problems, we cannot
use the argument in the proof of Ho¨lder estimates on the derivative of Lp-
viscosity solutions because the domain, where the infimum is taken, differs
from that of the Lε0 (quasi)-norm in the weak Harnack inequality, which
arises in Proposition 2.4 for the elliptic case. The second author finds a new
argument to avoid this difficulty. We refer to [32] for the parabolic version
of this paper.
For any p > 0 and u : Ω→ R, we denote the quasi-norm:
‖u‖Lp(Ω) =
(∫
Ω
|u(x)|pdx
) 1
p
.
We note that ‖ · ‖Lp(Ω) satisfies
‖u+ v‖Lp(Ω) ≤ Cp
(‖u‖Lp(Ω) + ‖v‖Lp(Ω)) for some Cp ≥ 1, (1.4)
where Cp = 1 provided p ≥ 1.
This paper is organized as follows: In Section 2, we recall the definition of
Lp-viscosity solutions, basic properties, and exhibit main results. Section 3 is
devoted to the weak Harnack inequality both in Ω′ b Ω and near ∂Ω, which
yields the global equi-continuity of Lp-viscosity solutions. In Section 4, we
establish the existence of Lp-viscosity solutions of (1.1) when the obstacles are
only continuous under appropriate hypotheses. We obtain Ho¨lder estimates
on the first derivative of Lp-viscosity solutions in Section 5.
Acknowledgements
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2 Preliminaries and main results
For any x ∈ Rn and r > 0, we set
Br := {y ∈ Rn : |y| < r}, and Br(x) := x+Br.
For any measurable set A ⊂ Rn, we denote by |A| the Lebesgue measure of
A.
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We recall the definition of Lp-viscosity solutions of general elliptic partial
differential equations (PDE for short) from [6]:
G(x, u,Du,D2u) = 0 in Ω, (2.1)
where G : Ω× R× Rn × Sn → R is measurable.
Definition 2.1. We call u ∈ C(Ω) an Lp-viscosity subsolution (resp., su-
persolution) of (2.1) if whenever u − η attains its local maximum (resp.,
minimum) at x0 ∈ Ω for η ∈ W 2,ploc (Ω), it follows that
lim
r→0
ess inf
Br(x0)
G(x, u(x), Dη(x), D2η(x)) ≤ 0
(
resp., lim
r→0
ess sup
Br(x0)
G(x, u(x), Dη(x), D2η(x)) ≥ 0
)
.
We also call u an Lp-viscosity solution of (2.1) if it is both an Lp-viscosity
sub- and supersolution of (2.1).
Remark 2.2. We will call C-viscosity subsolutions (resp., supersolutions,
solutions) if we replace W 2,ploc (Ω) by C
2(Ω) in the above when given G is
continuous. We refer to [8] for the theory of C-viscosity solutions.
In order to present our main results, we shall prepare some notations and
hypotheses. Throughout this paper, under the hypothesis
p0 < p ≤ q, q > n, (2.2)
where p0 ∈ [n2 , n) is the constant in [13], we suppose
f ∈ Lp(Ω). (2.3)
Concerning F , we suppose that there exist constants 0 < λ ≤ Λ, and
µ ∈ Lq(Ω) (2.4)
such that
P−λ,Λ(X−Y )−µ(x)|ξ−η| ≤ F (x, ξ,X)−F (x, η, Y ) ≤ P+λ,Λ(X−Y )+µ(x)|ξ−η|
(2.5)
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for x ∈ Ω, ξ, η ∈ Rn, X, Y ∈ Sn, where P±λ,Λ : Sn → R are defined by
P+λ,Λ(X) := max{−Tr(AX) : A ∈ Snλ,Λ} and P−λ,Λ(X) := −P+λ,Λ(−X)
for X ∈ Sn. Since we fix 0 < λ ≤ Λ in this paper, we shall write P± := P±λ,Λ
for simplicity. We also suppose that
F (x, 0, O) = 0 for x ∈ Ω. (2.6)
We notice that (2.5) and (2.6) yield
µ ≥ 0 in Ω.
For obstacles ϕ, ψ and the Dirichlet datum g, as compatibility conditions,
we suppose
ϕ ≤ ψ in Ω, and ϕ ≤ g ≤ ψ on ∂Ω. (2.7)
2.1 Basic properties
We first give a direct consequence from the definition, which will be often
used.
Proposition 2.3. Assume (2.2), (2.3), (2.4), (2.5), (2.6) and (2.7). Let u ∈
C(Ω) be an Lp-viscosity subsolution (resp., supersolution) of (1.1). Assume
that γ ∈ R satisfies γ ≥ ϕ (resp. γ ≤ ψ) in an open set Ω0 ⊂ Ω. Then, u∨ γ
(resp. u ∧ γ) is an Lp-viscosity subsolution (resp., supersolution) of
P−(D2u)− µ|Du| − f+ = 0 (resp., P+(D2u) + µ|Du|+ f− = 0) in Ω0.
Proof. We only prove the assertion for subsolutions.
For ξ ∈ W 2,ploc (Ω0), we suppose that (u∨ γ)− ξ attains its local maximum
at x0 ∈ Ω0.
If we assume u(x0) > γ, then u− ξ attains its local maximum at x0 ∈ Ω0,
and u > ϕ near x0. Hence, by the definition, we have
lim
r→0
ess inf
Br(x0)
max{F (x,Dξ(x), D2ξ(x))− f(x), (u− ψ)(x)} ≤ 0,
which yields the conclusion by (2.5).
When u(x0) ≤ γ, it is enough to show that any constant is an Lp-viscosity
subsolution of
P−(D2u) = 0 in Ω. (2.8)
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In fact, by noting that any constant is a C-viscosity subsolution of (2.8),
in view of Proposition 2.9 in [6], it is also an Lp-viscosity subsolution of
(2.8).
We shall recall the scaled version of the weak Harnack inequality and the
Ho¨lder continuity in [20]. Modifying the result in [20] by an argument of the
compactness, we state the next proposition as simple as possible for later
use. See [20] for the original version. Here and later, we use the notation
α0 := 2− n
p ∧ n ∈ (0, 1].
Proposition 2.4. (cf. Theorem 4.5, 4.7, Corollary 4.8 in [20]) Assume (2.2),
(2.3) and (2.4). There exist ε0 > 0 and C0 > 0 such that if v ∈ C(B2r) is a
nonnegative Lp-viscosity supersolution of
P+(D2v) + µ|Dv| − f = 0 in B2r, (2.9)
then it follows that
‖v‖Lε0 (Br) ≤ C0r
n
ε0
(
inf
Br
v + rα0‖f‖Lp∧n(B2r)
)
.
Here, ε0 and C0 depend on n,
Λ
λ
, p, q and ‖µ‖Lq(B2r).
In Section 5, we will use the following local maximum principle.
Proposition 2.5. (cf. Theorem 3.1 in [21]) Under hypotheses (2.2), (2.3),
(2.4), for any ε > 0, there exists C1 = C1
(
n, λ,Λ, ε, p, q, ‖µ‖Lq(B2r)
)
> 0 such
that if u ∈ C(B2r) is a nonnegative Lp-viscosity subsolution of
P−(D2u)− µ|Du| − f = 0 in B2r,
then it follows that
sup
B r
2
u ≤ C1
(
r−
n
ε ‖u‖Lε(Br) + rα0‖f+‖Lp∧n(B2r)
)
.
Although it is mentioned in Theorem 6.2 of [20] that Proposition 2.4
implies the Ho¨lder continuity of Lp-viscosity solutions of
F (x,Du,D2u)− f = 0 in Ω, (2.10)
to show a key idea of this paper, we recall how to derive Ho¨lder estimates on
Lp-viscosity solutions of (2.10).
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Proposition 2.6. (cf. Theorem 6.2 in [20]) Assume (2.2), (2.3), (2.4), (2.5)
and (2.6). Let Ω := B2R for R ∈ (0, 1]. Then, there exist constants K1 > 0
and αˆ ∈ (0, α0] such that if u ∈ C(B2R) is an Lp-viscosity solution of (2.10),
then it follows that
|u(x)−u(y)| ≤ K1
( |x− y|
R
)αˆ (‖u‖L∞(B2R) +Rα0‖f‖Lp∧n(B2R)) for x, y ∈ BR.
Proof. Fix x ∈ BR. For 0 < s ≤ R, we set
Ms := sup
Bs(x)
u, and ms := inf
Bs(x)
u.
Now, for 0 < r ≤ R
2
, setting
U := u−m2r ≥ 0, and V := M2r − u ≥ 0 in B2r(x),
we immediately see that U and V are Lp-viscosity supersolutions of (2.9) with
f replaced by −f− and −f+, respectively. Hence, in view of Proposition 2.4,
we have
‖U‖Lε0 (Br(x)) ≤ C0r
n
ε0
(
inf
Br(x)
U + rα0‖f−‖Lp∧n(B2r(x))
)
,
‖V ‖Lε0 (Br(x)) ≤ C0r
n
ε0
(
inf
Br(x)
V + rα0‖f+‖Lp∧n(B2r(x))
)
.
Therefore, in view of Proposition 2.4, we can find C ′0 > 1 such that
M2r −m2r = |Br|−
1
ε0 ‖M2r −m2r‖Lε0 (Br(x))
≤ |Br|−
1
ε0Cε0
(‖V ‖Lε0 (Br(x)) + ‖U‖Lε0 (Br(x)))
≤ C ′0
(
M2r −Mr +mr −m2r + rα0‖f‖Lp∧n(B2R)
)
,
where Cε0 ≥ 1 is from (1.4). Thus, there exists θ0 ∈ (0, 1) such that
ω(r) ≤ θ0ω(2r) + rα0‖f‖Lp∧n(B2R),
where ω(r) = Mr −mr. Hence, the standard argument (e.g. Lemma 8. 23
in [17]) implies that
|u(x)− u(y)| ≤ K1
( |x− y|
R
)αˆ (‖u‖L∞(B2R) +Rα0‖f‖Lp∧n(B2R))
for some K1 > 0 and αˆ ∈ (0, α0].
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Remark 2.7. One of key ideas of this paper is a different choice of Ms and
ms in the above for the proof of Lemma 3.1.
When p > n as in (2.16) in Section 2. 2, we recall the following regularity
result for fully nonlinear PDE.
Proposition 2.8. ([4, 5, 31]) Let Ω = B2. Under (2.2), (2.3), there exist
βˆ ∈ (0, 1) and K2 > 0 such that if u ∈ C(B2) is an Lp-viscosity subsolution
and Lp-viscosity supersolution, respectively, of
P−(D2u) = 0 and P+(D2u) = 0 in B2,
then it follows that
‖u‖C1,βˆ(B1) ≤ K2‖u‖L∞(B2).
We finally give a reasonable property of Lp-viscosity solutions of (1.1),
which will be often used without mentioning it. We present a proof for the
reader’s convenience though it seems standard.
Proposition 2.9. Under (2.2), (2.3), (2.4), (2.5), (2.6) and (2.7), we assume
ϕ, ψ ∈ C(Ω). If u ∈ C(Ω) is an Lp-viscosity subsolution (resp., supersolution)
of (1.1), then it follows that
u ≤ ψ (resp., u ≥ ϕ) in Ω.
Proof. We give a proof only for Lp-viscosity subsolutions since the other case
can be shown similarly. Assume that (u− ψ)(x0) =: θ > 0 for x0 ∈ Ω, then
we will have a contradiction. For simplicity, we may suppose x0 = 0 ∈ Ω by
translation.
For ε > 0, we let xε ∈ Ω be such that max{u(x) − 12ε |x|2 | x ∈ Ω} =
u(xε) − 12ε |xε|2. Since it is easy to see that limε→0xε = 0, we may suppose
xε ∈ Ω. Moreover, we may suppose u ≥ ψ + θ2 in Br b Ω for some r > 0.
Thus, by the first inequality in (2.7), we have
u ≥ ψ + θ
2
≥ ϕ+ θ
2
in Br. (2.11)
However, from the definition, we have
0 ≥ lim
s→0
ess inf
Bs(xε)
min
{
max
{
F
(
x,
x
ε
,
1
ε
I
)
− f(x), (u− ψ)(x)
}
, (u− ϕ)(x)
}
,
which yields
0 ≥ min{(u− ψ)(xε), (u− ϕ)(xε)}.
This contradicts to (2.11).
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2.2 Main results
For obstacles, we at least assume that
ϕ, ψ ∈ C(Ω). (2.12)
In order to obtain the estimate near ∂Ω, we suppose the following condi-
tion on the shape of Ω, which was introduced in [2].{
There exist R0 > 0 and Θ0 > 0 such that
|Br(x) \ Ω| ≥ Θ0rn for (x, r) ∈ ∂Ω× (0, R0). (2.13)
We will also suppose
g ∈ C(∂Ω). (2.14)
We call a function ω : [0,∞) → [0,∞) a modulus of continuity if ω is
nondecreasing and continuous in [0,∞) such that ω(0) = 0.
Our first result is the global equi-continuity estimate on Lp-viscosity so-
lutions.
Theorem 2.10. Assume (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.12), (2.13)
and (2.14). Then, there exists a modulus of continuity ω0 such that if u ∈
C(Ω) is an Lp-viscosity solution of (1.1) satisfying
u = g on ∂Ω, (2.15)
then it follows that
|u(x)− u(y)| ≤ ω0(|x− y|) for x, y ∈ Ω.
If we moreover assume that
ϕ, ψ ∈ Cα1(Ω), and g ∈ Cα1(∂Ω) for α1 ∈ (0, 1),
then there exist α2 ∈ (0, α0 ∧ α1] and C > 0, independent of u, such that
|u(x)− u(y)| ≤ C|x− y|α2 for x, y ∈ Ω.
Thanks to Theorem 2.10, we establish the following existence result.
Theorem 2.11. Under (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.12), and
(2.14), we assume the uniform exterior cone condition on Ω. Then, there
exists an Lp-viscosity solution u ∈ C(Ω) of (1.1) satisfying (2.15).
10
For further regularity results, assuming
q ≥ p > n, (2.16)
we define β0 ∈ (0, 1) by
β0 := 1− n
p
.
To show C1,β estimates, we will see in Section 5 that it is necessary to suppose
that
ϕ, ψ ∈ C1,β1(Ω) for some β1 ∈ (0, 1). (2.17)
We will use the constant β2 defined by
β2 := β0 ∧ β1 ∈ (0, 1).
We also suppose that obstacles do not coincide in Ω;
there is r0 > 0 such that ψ − ϕ ≥ r0 in Ω. (2.18)
In order to state the next theorem, we prepare some notations. For small
r > 0, we introduce subdomains of Ω:
Ωr := {x ∈ Ω | dist(x, ∂Ω) > r}.
For u ∈ C(Ω) such that ϕ ≤ u ≤ ψ in Ω, we set
C−[u] :=
{
x ∈ Ω | u(x) = ϕ(x)}, C+[u] := {x ∈ Ω | u(x) = ψ(x)} ,
C±[u] := C−[u] ∪ C+[u] ⊂ Ω,
and the non-coincidence set
N [u] := Ω \ C±[u] = {x ∈ Ω | ϕ(x) < u(x) < ψ(x)}.
For small r > 0, we define subdomains of N [u]
Nr[u] := {x ∈ Ωr | dist(x,C±[u]) > r}.
For F in (1.1), we use the following notation:
θ(x, y) := sup
X∈Sn
|F (x, 0, X)− F (y, 0, X)|
1 + ‖X‖ for x, y ∈ Ω.
11
Theorem 2.12. Assume (2.16), (2.3), (2.4), (2.5), (2.6), (2.17) and (2.18).
For each small ε > 0, there exist C > 0 and δ0 > 0 such that if u ∈ C(Ω) is
an Lp-viscosity solution of (1.1), and if
1
r
‖θ(y, ·)‖Ln(Br(y)) ≤ δ0 for r ∈ (0, ε) and y ∈ Nε[u], (2.19)
then it follows that
|Du(x)−Du(y)| ≤ C|x− y|β3 for x, y ∈ Ωε,
where
β3 :=
{
β2 provided β2 < βˆ,
any β ∈ (0, βˆ) provided β2 ≥ βˆ.
3 Global equi-continuity estimates
In what follows, assuming (2.12), we denote by σ0 the modulus of continuity
of ϕ and ψ in Ω;
σ0(r) := max{|ϕ(x)− ϕ(y)| ∨ |ψ(x)− ψ(y)| | |x− y| ≤ r, x, y ∈ Ω}.
3.1 Local estimates
We first show the local equi-continuity estimate on Lp-viscosity solutions of
(1.1).
Lemma 3.1. Assume (2.2), (2.3), (2.4), (2.5), (2.6), (2.7) and (2.12). For
any Ω′ b Ω, there exists a modulus of continuity ω0 such that if u ∈ C(Ω) is
an Lp-viscosity solution of (1.1), then it follows that
|u(x)− u(y)| ≤ ω0(|x− y|) for x, y ∈ Ω′.
Proof. Let r ∈ (0, δ0
2
), where δ0 := dist(Ω
′, ∂Ω), and x0 ∈ Ω′. We may
suppose x0 = 0 as before. Setting σ0 := σ0(2r), we define
u+ := u ∨ (ϕ(0) + σ0) and u− := u ∧ (ψ(0)− σ0).
By noting ϕ(0)+σ0 ≥ ϕ and ψ ≥ ψ(0)−σ0 in B2r, Proposition 2.3 shows that
u+ and u− are, respectively, an Lp-viscosity subsolution and supersolution of
P−(D2u)− µ|Du| − f+ = 0 and P+(D2u) + µ|Du|+ f− = 0 in B2r.
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Now, for s ∈ (0, δ0
2
), setting
Ms := sup
Bs
u+, and ms := inf
Bs
u−,
we define
U := M2r − u+, and V := u− −m2r
for r ∈ (0, δ0
2
).
It is easy to see that U and V are, respectively, nonnegative Lp-viscosity
supersolutions of
P+(D2u) + µ|Du|+ f± = 0 in B2r.
Hence, by Proposition 2.4, we have
‖U‖Lε0 (Br) ≤ Cr
n
ε0
(
inf
Br
U + rα0‖f+‖Lp∧n(Ω)
)
, (3.1)
and
‖V ‖Lε0 (Br) ≤ Cr
n
ε0
(
inf
Br
V + rα0‖f−‖Lp∧n(Ω)
)
. (3.2)
Here and later, C > 0 denotes the various constant depending only on known
quantities. Since M2r −m2r = U + (u+ − u) + (u− u−) + V ≤ U + 4σ0 + V
by Proposition 2.9, we have
M2r −m2r ≤ Cr−
n
ε0
(
‖U‖Lε0 (Br) + σ0r
n
ε0 + ‖V ‖Lε0 (Br)
)
.
Combining this with (3.1) and (3.2), we find θ0 ∈ (0, 1) such that
Mr −mr ≤ θ0 (M2r −m2r) + rα0‖f‖Lp∧n(Ω) + σ0(2r).
We note here that
u(x)− u(y) ≤ u+(x)− u−(y) for x, y ∈ B2r.
Therefore, as for Proposition 2.6 with Lemma 8.23 in [17], it is standard to
find a modulus of continuity ω0 in the conclusion.
Remark 3.2. As noted in Section 2.2, if we suppose ϕ, ψ ∈ Cα1(Ω) for
α1 ∈ (0, 1), then we can show u ∈ Cα2(Ω′) for some α2 ∈ (0, α0 ∧α1] because
we can choose σ0(r) = Cr
α1 for some C > 0 in the above.
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3.2 Equi-continuity near ∂Ω
To state equi-continuity near ∂Ω, we shall use the following notion: for small
ε > 0,
Ωε := {x ∈ Ω | dist(x, ∂Ω) > ε}.
Lemma 3.3. Assume (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.12), (2.13) and
(2.14). For small ε > 0, there exists a modulus of continuity ω0 such that
if an Lp-viscosity solution u ∈ C(Ω) of (1.1) satisfies (2.15), then it follows
that
|u(x)− u(y)| ≤ ω0(|x− y|) for x, y ∈ Ω \ Ωε.
Proof. Let r ∈ (0, ε
2
) and x0 ∈ ∂Ω. We may suppose x0 = 0 ∈ ∂Ω. As in the
proof of Lemma 3.1, we set
u+ := u ∨ (ϕ(0) + σ0) and u− := u ∧ (ψ(0)− σ0),
where σ0 := σ0(2r). In view of Proposition 2.3 again, we see that u+ and u−
are, respectively, an Lp-viscosity subsolution and supersolution of
P−(D2u)−µ|Du| − f+ = 0 and P+(D2u) +µ|Du|+ f− = 0 in B2r ∩Ω.
Now, as in [17, 20] for instance, setting
Ms := sup
Bs∩Ω
u+, and ms := inf
Bs∩Ω
u−,
we define
U :=
{
(M2r − u+) ∧ c+ in B2r ∩ Ω,
c+ in B2r \ Ω,
and
V :=
{
(u− −m2r) ∧ c− in B2r ∩ Ω,
c− in B2r \ Ω,
where nonnegative constants c± are given by
c+ := M2r − sup
B2r∩∂Ω
u+ and c− := inf
B2r∩∂Ω
u− −m2r.
Hence, it is easy to see that U and V are nonnegative Lp-viscosity superso-
lutions of
P+(D2u) + µˆ|Du|+ |fˆ | = 0 in B2r,
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where µˆ and fˆ are zero extensions of µ and f outside of Ω, respectively.
Hence, by Proposition 2.4, we have
Θ
1
ε0
0
(
M2r − sup
B2r∩∂Ω
u+
)
≤ C
(
M2r − sup
Br∩Ω
u+ + r
α0‖f‖Lp∧n(Ω)
)
and
Θ
1
ε0
0
(
inf
B2r∩∂Ω
u− −m2r
)
≤ C
(
inf
Br∩Ω
u− −m2r + rα0‖f‖Lp∧n(Ω)
)
.
As in the proof of Lemma 3.1, these inequalities imply that there is θ0 ∈ (0, 1)
such that
Mr −mr ≤ θ0 (M2r −m2r) + 2rα0‖f‖Lp∧n(Ω) + σ0(2r) + ωg(2r),
where ωg(r) := sup{|g(x)− g(y)| | |x− y| ≤ r, x, y ∈ ∂Ω}. Therefore, noting
that u(x)− u(y) ≤ u+(x)− u−(y) for x, y ∈ B2r ∩ Ω, as before, we can find
a modulus of continuity ω0 in the assertion.
Remark 3.4. As in Remark 3.2, if we suppose
ϕ, ψ ∈ Cα1(Ω \ Ω2ε), and g ∈ Cα1(∂Ω) for α1 ∈ (0, 1),
then u ∈ Cα2(Ω \ Ωε) holds for some α2 ∈ (0, α0 ∧ α1].
Proof of theorem 2.10. In view of Lemmas 3.1 and 3.3, we immediately ob-
tain the assertion.
4 Existence results
In this section, we present an existence result of Lp-viscosity solutions of
(1.1) under suitable conditions when obstacles are merely continuous.
Using the standard mollifier by ρ ∈ C∞0 (Rn), we introduce smooth ap-
proximations of f and F by
fε := f ∗ ρε, µε := µ ∗ ρε and Fε(x, ξ,X) :=
∫
Rn
ρε(x− y)F (y, ξ,X)dy
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for (x, ξ,X) ∈ Rn×Rn×Sn, where ρε(x) = ε−nρ(x/ε). Here and later, we use
the same notion f and F for their zero extension outside of Ω. Under (2.3),
(2.4), (2.5) and (2.6), it is easy to observe that for (x, ξ,X) ∈ Rn×Rn×Sn,
(i) P−(X)− µε(x)|ξ| ≤ Fε(x, ξ,X) ≤ P+(X) + µε(x)|ξ|,
(ii) ‖fε‖Lp(Rn) ≤ ‖f‖Lp(Ω),
(iii) ‖µε‖Lq(Rn) ≤ ‖µ‖Lq(Ω).
(4.1)
Furthermore, we shall suppose that ϕ and ψ are defined in a neighborhood
of Ω with the same modulus of continuity. More precisely, there is ε1 > 0
such that
max{|ϕ(x)− ϕ(y)|, |ψ(x)− ψ(y)|} ≤ σ0(|x− y|) for x, y ∈ Nε1 , (4.2)
where Nε1 := {x ∈ Rn | dist(x,Ω) < ε1} is a neighborhood of Ω. Under (4.2),
we define ϕε and ψε as follows:
ϕε := ϕ ∗ ρε − σ0(ε), ψε := ψ ∗ ρε + σ0(ε).
It is easy to see that for ε ∈ (0, ε1),
ϕε ≤ g ≤ ψε on ∂Ω,
and
max{|ϕε(x)− ϕε(y)|, |ψε(x)− ψε(y)|} ≤ σ0(|x− y|) for x, y ∈ Ω.
We shall consider approximate equations:
Fε(x,Du,D
2u) +
1
δ
(u− ψε)+ − 1
δ
(ϕε − u)+ = fε in Ω. (4.3)
In order to apply an existence result in [9], we shall suppose the uniform
exterior cone condition on ∂Ω in [28], which is stronger than (2.13).
Proposition 4.1. Under (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.12), (2.14)
and (4.2), we assume the uniform exterior cone condition on Ω. Then, there
exists a C-viscosity solution uδε ∈ C(Ω) of (4.3) satisfying (2.15).
We first show an existence result for (1.1) when ϕ, ψ and F are smooth.
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Theorem 4.2. (cf. Theorem 1.1 in [9]) Under the same hypotheses in Propo-
sition 4.1, let uδε ∈ C(Ω) be C-viscosity solutions of (4.3) satisfying (2.15).
For each small ε > 0, there exist δε > 0 and Cˆε > 0 such that
0 ≤ 1
δ
(uδε − ψε)+ +
1
δ
(ϕε − uδε)+ ≤ Cˆε in Ω for δ ∈ (0, δε). (4.4)
Furthermore, there exist a subsequence {δk}∞k=1 and uε ∈ C(Ω) such that
δk → 0 as k →∞, (2.15) holds for uε,
uδkε → uε uniformly in Ω, as k →∞, (4.5)
and uε is a (unique) C-viscosity solution of
min{max{Fε(x,Du,D2u)− fε, u− ψε}, u− ϕε} = 0 in Ω. (4.6)
Proof. To show the estimate on 1
δ
(uδε − ψε)+, independent of δ > 0, we let
x0 ∈ Ω be such that
max
Ω
1
δ
(uδε − ψε)+ =
1
δ
(uδε − ψε)+(x0) > 0.
Thus, we see that x0 ∈ Ω, and uδε − ψε attains its maximum at x0 ∈ Ω.
Hence, the definition implies
0 ≤ 1
δ
(uδε − ψε)+ ≤ fε − Fε(x0, Dψε, D2ψε) at x0
because of 1
δ
(ϕε − uδε)+(x0) = 0.
Following the same argument, we obtain the estimate on 1
δ
(ϕε − uδε)+.
Thus, we conclude the first assertion (4.4). We then obtain the L∞ bound of
uδε independent of δ ∈ (0, 1) for each ε ∈ (0, 1).
By regarding the penalty term as the right hand side with L∞-estimates,
independent of δ > 0, it is standard to show the equi-continuity and unifrom
boundedness of {uδε}δ>0 for each ε > 0. Therefore, by Ascoli-Arzela theorem,
we can find a subsequence {uδkε }∞k=1 and uε ∈ C(Ω) satisfying (4.5).
We shall show that uε is a C-viscosity subsolution of (4.6) by contradic-
tion. Thus, we suppose that u−η attains its local strict maximum at x0 ∈ Ω
for η ∈ C2(Ω), and
min{max{Fε(x0, Dη,D2η)− fε, uε − ψε}, uε − ϕε} ≥ 2θ at x0 (4.7)
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for some θ > 0. By the uniform convergence, we may suppose that uδkε − η
attains its local maximum at xδk ∈ Ω, where xδk → x0 as k → ∞. In what
follows, we shall write δ for δk.
By (4.7), since we may suppose
(uδε − ϕε)(xδ) ≥ θ,
we have 1
δ
(ϕε − uδε)+ = 0 at xδ. Hence, sending k →∞ in (4.3) with δ = δk,
we have
Fε(x0, Dη,D
2η) ≤ fε at x0,
which together with (4.7) yields
(uδε − ψε)(xδ) ≥ θ
for small δ > 0. However, this together with (4.4) yields a contradiction for
large k ≥ 1.
Now, we shall show our existence result.
Proof of Theorem 2.11. Let uε ∈ C(Ω) be C-viscosity solutions of (4.6) sat-
isfying (2.15) constructed in Theorem 4.2. Since Fε and fε are continuous,
it is known to see that uε is an L
p-viscosity solution of (4.6). We refer to [9]
for instance. Furthermore, recalling (4.1), thanks to Theorem 2.10, we find
a modulus of continuity ω0 such that
|uε(x)− uε(y)| ≤ ω0(|x− y|) for x, y ∈ Ω.
Hence, by Proposition 2.9, we can find a subsequence εk > 0 and u ∈ C(Ω)
such that εk → 0, as k → ∞, and uεk converges to u uniformly in Ω. For
simplicity, we shall write ε for εk.
It remains to show that u is an Lp-viscosity solution of (1.1). To this end,
we suppose that for some η ∈ W 2,ploc (Ω), u−η attains its local strict maximum
at x0 ∈ Ω, and
min{max{F (x,Dη,D2η)− f, u− ψ}, u− ϕ} ≥ 2θ a.e. in B2r(x0) b Ω
for some θ, r > 0. For the sake of simplicity, we shall suppose x0 = 0 ∈ Ω.
Since we may suppose that for small ε > 0,
uε − ϕε ≥ θ in Br,
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it is enough to consider the case when uε is an L
p-viscosity subsolution of
max{Fε(x,Du,D2u)− fε, u− ψε} = 0 in Br. (4.8)
Thus, Proposition 2.9 implies
u ≤ ψ in Br.
Hence, η ∈ W 2,p(Br) satisfies
F (x,Dη,D2η) ≥ f + θ a.e. in Br. (4.9)
On the other hand, following the argument in the proof of Theorem 4.1 in
[9], since uε is an L
p-viscosity subsolution of (4.8) together with the uniform
convergence of uε to u, we obtain that u is an L
p-viscosity subsolution of
F (x,Du,D2u)− f = 0 in Br,
which contradicts (4.9). We only notice that µDη ∈ Lp(Br) holds true since
q > n, and η ∈ W 2,p(Br) for q ≥ p though µ may not be in L∞ in (2.5).
5 Local Ho¨lder continuity of derivatives
It is well-known that we cannot expect solutions of obstacle problems to be
in C2 even when obstacles are in C2. Furthermore, since ϕ0(x) := −|x|1+β+1
for x ∈ [−1, 1] with β ∈ (0, 1) is a C-viscosity solution of
min{−u′′, u− ϕ0} = 0 in (−1, 1)
under the Dirichlet condition g ≡ 0, we cannot expect solutions to be in
W 2,∞loc when obstacles only belong to C
1,β. Notice that since there is no C2
function which touches ϕ0 from below at the origin, we do not have to check
the definition of C-viscosity supersolutions at 0.
5.1 Estimates in the non-coincidence set N [u]
We first note that Lp-viscosity solutions u ∈ C(Ω) of (1.1) are also Lp-
viscosity solutions of
F (x,Du,D2u)− f(x) = 0 in N [u]. (5.1)
For any compact K b N [u], where u ∈ C(Ω) is an Lp-viscosity solution
of (1.1), we show that Du ∈ Cβ(K) for some β ∈ (0, βˆ), where βˆ ∈ (0, 1) is
the constant in Proposition 2.8.
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Proposition 5.1. (cf. Theorem 2.1 in [31]) Assume (2.16), (2.3), (2.4), (2.5),
(2.6), (2.7) and (2.12). Then, there are β ∈ (0, βˆ), C > 0, δ0 > 0 and r1 > 0,
depending on n, Λ
λ
, p, q, such that if u ∈ C(Ω) is an Lp-viscosity solution of
(1.1), and if (2.19) holds for ε = r1, then u ∈ C1,β(Nr1 [u]). More precisely, if
Br(x) ⊂ Nr1 [u], then it follows that
|Du(y)−Du(z)| ≤ C|y − z|
β
r1+β
(‖u‖L∞(Ω) + r1+β0‖f‖Lp(Ω)) for y, z ∈ B r
2
(x).
Remark 5.2. For further estimates on Lp-viscosity solutions of (5.1) under
some additional assumptions, we refer to Theorem B. 1 in [6]. When F
is given by the maximum of finite uniformly elliptic operators with smooth
coefficients, we also refer to [14] for C2,α-estimates. However, when we have
µ ∈ Lq and f ∈ Lp, we could only expect u to be in W 2,p.
We moreover refer to [33] for some precise equi-continuity estimates on
C-viscosity solutions of (5.1) when µ ≡ 0 in (2.5) (i.e. F is independent of
ξ ∈ Rn).
Before going to the proof of Proposition 5.1, we first show a lemma cor-
responding to Lemma 2.3 in [31]. See also [4, 5].
For a modulus of continuity ρ and a constant K > 0, we introduce
C(ρ,K; Ω) :=
{
ξ ∈ C(Ω)
∣∣∣∣ |ξ(x)− ξ(y)| ≤ ρ(|x− y|) forx, y ∈ ∂Ω, and ‖ξ‖L∞(Ω) ≤ K
}
.
Lemma 5.3. (cf. Lemma 2.3 in [31]) Assume (2.16), (2.4), (2.5) and (2.6)
with Ω = B2. For given G : B2 × Rn × Sn → R, we let
g∗(x) := sup{|G(x, ξ,X)| | ξ ∈ Rn, X ∈ Sn}.
For a modulus of continuity ρ, and for constants K, ε > 0 and p′ ∈ (n, p),
there exists δ0 = δ0(ε, p
′, n, Λ
λ
, p, q, ρ,K) ∈ (0, 1) such that if
‖g∗‖Ln(B2) ∨ ‖µ‖Lp′ (B2) ∨ sup
x∈B2
‖θ(x, ·)‖Ln(B2) ≤ δ0, (5.2)
then for any two Lp-viscosity solutions v and ξ ∈ C(ρ,K;B2) of
F (x,Du,D2u) +G(x,Du,D2u) = 0 in B2
and
F (0, 0, D2u) = 0 in B2,
respectively, satisfying (v − ξ)|∂B2 = 0, it follows that
‖v − ξ‖L∞(B2) ≤ ε.
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Remark 5.4. We notice that ‖µ‖Lp′ (B2) ≤ δ0 in (5.2) for p′ ∈ (n, p) because
we do not know if the equi-continuity of vk holds true in the proof below
when p′ = n.
Proof. We argue by contradiction. Thus, suppose that there are εˆ > 0,
vk, ξk ∈ C(ρ,K;B2), µk ∈ Lq(B2), Gk : B2 × Rn × Sn → R, and Fk :
B2 × Rn × Sn → R satisfying (2.5) with µk;
P−(X−Y )−µk(x)|ξ−η| ≤ Fk(x, ξ,X)−Fk(x, η, Y ) ≤ P+(X−Y )+µk(x)|ξ−η|
for x ∈ B2, ξ, η ∈ Rn, X, Y ∈ Sn (for k ∈ N) such that
‖g∗k‖Ln(B2) ∨ ‖µk‖Lp′ (B2) ∨ sup
x∈B2
‖θk(x, ·)‖Ln(B2) ≤
1
k
, (5.3)
where g∗k(x) = sup{|Gk(x, ξ,X)| | (ξ,X) ∈ Rn × Sn}, and
θk(x, y) = sup
X∈Sn
|Fk(x, 0, X)− Fk(y, 0, X)|
1 + ‖X‖ ,
vk and ξk are, respectively, L
p-viscosity solutions of
Fk(x,Dvk, D
2vk) +Gk(x,Dvk, D
2vk) = 0 and Fk(0, 0, D
2ξk) = 0 in B2,
which satisfy that (vk − ξk)|∂B2 = 0, and
‖ξk − vk‖L∞(B2) ≥ εˆ. (5.4)
Since we may suppose that there are v, ξ ∈ C(ρ,K;B2) such that vk and
ξk converges to v and ξ uniformly in B2, respectively, and v = ξ on ∂B2.
Because the mapping X ∈ Sn → Fk(0, 0, X) is bounded by (2.5), we may
suppose Fk(0, 0, X) converges to F∞(X), which satisfies
F∞(O) = 0, and P−(X − Y ) ≤ F∞(X)− F∞(Y ) ≤ P+(X − Y ).
We also notice that by (2.5) and our assumption (5.3),
lim
k→∞
sup
{‖Fk(·, ξ,X)− F∞(X)‖Ln(B2) | |ξ| ≤ R, ‖X‖ ≤ R} = 0
holds for each R > 0. Hence, since F∞ is continuous, in view of Lemma 1. 7
in [31], we verify that v and ξ are Ln-viscosity (thus, C-viscosity) solutions
of
F∞(D2u) = 0 in B2.
Therefore, the comparison principle implies that v = ξ in B2, which contra-
dicts (5.4).
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Although our proof of Proposition 5.1 follows by the same argument as
in [4, 31], we give a proof because we need some modification.
Proof of Proposition 5.1. Recalling β0 := 1 − np ∈ (0, 1) and βˆ ∈ (0, 1) from
Proposition 2.8, we fix β ∈ (0, 1) and p′ > n such that
0 < β < β0 ∧ βˆ and p′ := p+ n
2
∈ (n, p).
For small s ∈ (0, 1), which will be fixed later, setting
ε := K2s
1+βˆ,
we choose δ0 = δ0(ε, p
′, n, Λ
λ
, p, q, ρ) ∈ (0, 1) in Lemma 5.3, where the modulus
of continuity ρ is given by
ρ(r) = K1r
αˆ.
Now, we set uˆ(x) := N−1u(σx) for σ ∈ (0, 1
2
), where
N = N(y) := 1 ∨ (2‖u‖L∞(B2(y)))+ 2β+1δ0 sup0<r≤2 1rβ ‖f‖Ln(Br(y)).
We shall suppose y = 0 for simplicity.
It is immediate to see that uˆ is an Lp-viscosity subsolution and superso-
lution, respectively, of
P−(D2u)−µˆ(x)|Du|−fˆ(x) = 0 and P+(D2u)+µˆ(x)|Du|−fˆ(x) = 0 in B2,
where µˆ(x) := σµ(σx) and fˆ(x) = σ
2
N
f(σx). Thus, by Proposition 2.6, we
have
|uˆ(x)− uˆ(y)| ≤ K1|x− y|αˆ
(
‖uˆ‖L∞(B2) +
1
N
‖f‖Ln(B2)
)
≤ K1|x− y|αˆ. (5.5)
Notice that the last inequality is derived because of our choice of δ0 and N .
For s ∈ (0, s0], where s0 := 2−
1
β , we shall find affine functions `k(x) =
ak + 〈bk, x〉 such that
(i) ‖uˆ− `k‖L∞(B
2sk
) ≤ sk(1+β),
(ii) |ak−1 − ak| ∨ sk−1|bk−1 − bk| ≤ K2s(k−1)(1+β),
(iii) |(uˆ− `k)(skx)− (uˆ− `k)(sky)| ≤ K1sk(1+β)|x− y|αˆ
(5.6)
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for x, y ∈ B1, k ≥ 0, where `−1 = `0 ≡ 0. When k = 0, it is trivial to check
(i) and (ii) while (iii) holds by (5.5).
By induction, assume that (5.6) holds for k = j. Setting
v(x) := s−j(1+β)
(
uˆ(sjx)− `j(sjx)
)
,
we observe that v is an Lp-viscosity solution of
Fj(x,Du,D
2u) + Gˆj(x,Du,D
2u)− fj(x) = 0 in B2,
where
Fj(x, ξ,X) :=
σ2sj(1−β)
N
F
(
σsjx,
Nsjβ
σ
ξ,
N
σ2sj(1−β)
X
)
,
fj(x) :=
σ2
N
sj(1−β)f(σsjx),
and
Gˆj(x, ξ,X) :=
σ2sj(1−β)
N
{
F
(
σsjx,
N
σ
(sjβξ + bj),
N
σ2sj(1−β)
X
)
−F
(
σsjx,
Nsjβ
σ
ξ,
N
σ2sj(1−β)
X
)}
.
We note that for (ξ,X), (η, Y ) ∈ Rn × Sn,
P−(X−Y )−µˆj(x)|ξ−η| ≤ Fj(x, ξ,X)−Fj(x, η, Y ) ≤ P+(X−Y )+µˆj(x)|ξ−η|,
where µˆj(x) = σs
jµ(σsjx). Also, since
|Gˆj(x, ξ,X)| ≤ σ|bj|sj(1−β)µ(σsjx) for (x, ξ,X) ∈ Ω× Rn × Sn,
setting gˆ∗j (x) := sup{|Gˆj(x, ξ,X)| | ξ ∈ Rn, X ∈ Sn}, we have
‖gˆ∗j‖Ln(B2) ≤
|bj|
sjβ
‖µ‖Ln(B
2σsj
) ≤ 2β0σβ0|bj|ωn‖µ‖Lp(B
2σsj
), (5.7)
where ωn := |B1|
1
n
− 1
p . Hence, we immediately verify that v is an Lp-viscosity
subsolution and supersolution, respectively, of
P−(D2u)− µˆj|Du| − gj = 0 and P+(D2u) + µˆj|Du|+ gj = 0 in B2,
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where
gj(x) := |fj(x)|+ gˆ∗j (x).
In view of the assumption of our induction, we have
|bj| ≤ K2
j−1∑
k=0
skβ ≤ K2
1− sβ ≤ 2K2
for j ≥ 1 because 0 < s ≤ s0 = 2−
1
β . Simple calculations together with our
choice of N and (5.7) give
(1) ‖fj‖Ln(B2) ≤ δ02 ,
(2) ‖µˆj‖Lp′ (B2) = (σsj)1−
n
p′ ‖µ‖Lp′ (B
2σsj
) ≤ σ1−
n
p′ ‖µ‖Lp′ (B
2σsj
),
(3) ‖gˆ∗j‖Ln(B2) ≤ 21+β0K2ωnσβ0‖µ‖Lp(B2σsj ).
Now, we can choose σ ∈ (0, 1), independent of j ≥ 0, such that
‖µˆj‖Lp′ (B2) ∨ ‖gj‖Ln(B2) ≤ δ0.
Because N ≥ 1 and σ ∈ (0, 1), we verify that
0 ≤ θFj(x, y) ≤ θ(x, y),
where θFj(x, y) := supX∈Sn |Fj(x, 0, X)− Fj(y, 0, X)|/(1 + ‖X‖).
Let h ∈ C(B1) be a C-viscosity solution of
Fj(0, 0, D
2u) = 0 in B1
satisfying h = v on ∂B1. Hence, in view of Lemma 5.3, we have
‖v − h‖L∞(B1) ≤ ε = K2s1+βˆ. (5.8)
We define
`j+1(x) := `j(x) + s
j(1+β)
(
h(0) + 〈Dh(0), x
sj
〉
)
.
Since we observe that for |x| ≤ 1, by (5.8) and the fact h ∈ C1+βˆ(B 1
2
), we
have
|uˆ(2sj+1x)− `j+1(2sj+1x)| ≤ s(j+1)(1+β)sβˆ−β
(
K2 + 2
1+βˆK2
)
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for s ∈ (0, s1], where s1 := s0 ∧ (K2 + 21+βˆK2)−
1
βˆ−β ) by (5.8), (i) holds for
k = j + 1.
To show (ii) for k = j + 1, by Proposition 2.8, we first verify
‖h‖C1(B 1
2
) ≤ K2‖h‖L∞(B1) = K2 max
∂B1
|v| ≤ K2.
Thus, noting |bj+1 − bj| = sjβ|Dh(0)| and aj+1 − aj = sj(1+β)h(0), we obtain
(ii) for k = j + 1.
In order to see (iii) for k = j + 1, setting
vˆ(x) := v(x)− h(0)− 〈Dh(0), x〉,
we observe that for x ∈ B1,
|vˆ(2sx)| ≤ |v(2sx)− h(2sx)|+ |h(2sx)− h(0)− 〈Dh(0), 2sx〉|
≤ 2K2s1+βˆ
= 2s1+βsβˆ−βK2.
Thus, for s ∈ (0, s2], where s2 := 1/(8K2)
1
βˆ−β , we have
‖vˆ‖L∞(B2s) ≤
s1+β
4
.
We next verify that vˆ is an Lp-viscosity solution of
Fj(x,Du,D
2u) +Gj(x,Du,D
2u)− fj = 0 in B2,
where
Gj(x, ξ,X) :=
σ2sj(1−β)
N
{
F
(
σsjx,
N
σ
(sjβξ + bj + s
jβDh(0)),
N
σ2sj(1−β)
X
)
−F
(
σsjx,
Nsjβ
σ
ξ,
N
σ2sj(1−β)
X
)}
.
Hence, as before we observe that
|Gj(x, ξ,X)| ≤ σ|bj+sjβDh(0)|sj(1−β)µ(σsjx) =: hj(x) for (x, ξ,X) ∈ Ω×Rn×Sn.
Since we have
‖fj‖Ln(B2s) ≤
sβ
2
,
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and
‖hj‖Ln(B2s) ≤
3K2
sjβ
‖µ‖Ln(B
2σsj+1
) ≤ 6K2ωns(j+1)β0−jβ‖µ‖Lp(B
2σsj+1
)
≤ 6K2ωnsβ0‖µ‖Lp(B
2σsj+1
),
we see that x, y ∈ Bs,
|vˆ(x)− vˆ(y)| ≤ K1s1+β−αˆ|x− y|αˆ
(
3
4
+ 6sβ0−βK2ωn‖µ‖Lp(B2s)
)
.
Hence, we can choose smaller s > 0, if necessary, to obtain that
|vˆ(x)− vˆ(y)| ≤ K1s1+β−αˆ|x− y|αˆ for x, y ∈ Bs.
Now, for x, y ∈ B1, we calculate in the following way:
|(uˆ− `j+1)(sj+1x)− (uˆ− `j+1)(sj+1y)|
≤ |(uˆ− `j)(sj+1x)− (uˆ− `j)(sj+1y)− sj(1+β)〈Dh(0), s(x− y)〉|
= sj(1+β)|vˆ(sx)− vˆ(sy)|
≤ K1s(j+1)(1+β)|x− y|αˆ.
Thanks to (ii) of (5.6), we find a∞ ∈ R and b∞ ∈ Rn such that (ak, bk)→
(a∞, b∞) as k →∞. For any x ∈ B1, we choose k ∈ N such that
2sk+1 ≤ |x| < 2sk.
Since (i) of (5.6) yields
|uˆ(x)− ak − 〈bk, x〉| ≤ sk(1+β) ≤ 1
(2s)1+β
|x|1+β,
by sending k →∞, it follows
|uˆ(x)− a∞ − 〈b∞, x〉| ≤ 1
(2s)1+β
|x|1+β.
Therefore, it is standard to establish the Ho¨lder continuity of Du with its
exponent β. See [22] or [1] for instance.
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5.2 Estimates near the coincidence set
We next prove that the first derivative of Lp-viscosity solutions u of (1.1)
is Ho¨lder continuous with exponent β0 ∧ β1 near the coincidence set C±[u],
where u touches one of the obstacles.
In what follows, for the Lp-viscosity solution u ∈ C(Ω) of (1.1), we use
the notation of ε-neighborhood of C±[u] for small ε > 0;
C±ε [u] := {x ∈ Ω | dist(x,C±[u]) < ε}.
Lemma 5.5. Assume (2.16), (2.3), (2.4), (2.5), (2.6), (2.18) and (2.17).
Then, for small ε > 0, there exists Cˆ0 = Cˆ0(ε) > 0 such that if u ∈ C(Ω)
is an Lp-viscosity solution of (1.1), and x0 ∈ C−[u] ∩ Ωε (resp., C+[u] ∩ Ωε),
then it follows that
|u(x)− u(x0)− 〈Dϕ(x0), x− x0〉| ≤ Cˆ0r1+β2(
resp., |u(x)− u(x0)− 〈Dψ(x0), x− x0〉| ≤ Cˆ0r1+β2
)
for x ∈ Br(x0). In particular, u is differentiable at x0, and
Du(x0) = Dϕ(x0) (resp., Du(x0) = Dψ(x0)).
Proof. We consider the case when x0 ∈ C−[u] ∩ Ωε; (u − ϕ)(x0) = 0. For
simplicity of notations, we shall suppose x0 = 0 ∈ C−[u] ∩ Ωε.
Because of (2.18), we choose small r > 0 such that
u(x) < ψ(x) in B4r.
Hence, setting v(x) := u(x)− ϕ(0)− 〈Dϕ(0), x〉+ Ar1+β1 for a large A > 0,
we observe that v is a nonnegative Lp-viscosity supersolution of
P+(D2u) + µ|Du|+ f− + |Dϕ(0)|µ = 0 in B4r.
In view of Proposition 2.4, there is ε0 > 0 such that
r
− n
ε0 ‖v‖Lε0 (B2r) ≤ C
(
inf
B2r
v + r1+β0‖f− + µ‖Ln(B4r)
)
≤ C (r1+β1 + r1+β0) .
Thus, from our choice of β2, we have
r
− n
ε0 ‖v‖Lε(B2r) ≤ Cr1+β2 . (5.9)
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On the other hand, we claim that w := v∨A′r1+β1 , where A′ > A, is also
an Lp-viscosity subsolution of
P−(D2u)− µ|Du| − f+ − |Dϕ(0)|µ = 0 in B4r.
Indeed, assuming that w − ξ attains its local maximum at z ∈ B4r for ξ ∈
W 2,p(B4r), we shall conclude the claim. In case of w(z) = v(z), noting
u > ϕ near z
for large A′ > A, we observe that w is an Lp-viscosity subsolution of
P−(D2u)− µ|Du| − f+ − |Dϕ(0)|µ = 0 (5.10)
in Brˆ(z) for some rˆ > 0 while in case of w(z) = A
′r1+β1 , we immediately see
that any constant is an Lp-viscosity subsolution of (5.10). Hence, we verify
that w is an Lp-viscosity subsolution of (5.10) in B4r.
In view of Proposition 2.5, with the above ε0 > 0, we have
sup
Br
v ≤ C1
(
r
− n
ε0 ‖w‖Lε0 (B2r) + r1+β0‖f+ + µ‖Lp(B4r)
)
,
where C1 = C1(ε0) is the constant in Proposition 2.5. This together with
(5.9) implies
−Cr1+β1 ≤ u(x)− ϕ(0)− 〈Dϕ(0), x〉 ≤ Cr1+β2 in Br,
which concludes the proof.
Thanks to Lemma 5.5 with Proposition 5.1, we easily obtain Theorem 2.
12. We give a brief proof though it seems standard.
Proof of Theorem 2.12. In view of Proposition 5.1, to complete the assertion,
we may suppose x, y ∈ C±2r1 [u] ∩ Ω2r1 . Furthermore, by Lemma 5.5, we may
suppose that x, y ∈ C−2r1 [u], and 0 < dist(y, C−[u]) ≤ dist(x,C−[u]). Choose
xˆ, yˆ ∈ C−[u] such that |x− xˆ| = dist(x,C−[u]) and |y − yˆ| = dist(y, C−[u]).
Thus, we have
0 < |y − yˆ| ≤ |x− xˆ|.
Case 1: |x− y| < 1
2
|x− xˆ|. In view of Proposition 5.1, for any β ∈ (0, β0∧
βˆ), we easily obtain
|Du(x)−Du(y)| ≤ C|x− y|β.
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Case 2: |x− y| ≥ 1
2
|x− xˆ| ≥ 1
2
|y − yˆ|. In view of Lemma 5.5, we have
|Du(x)−Du(y)| ≤ |Du(x)−Du(xˆ)|+ |Du(xˆ)−Du(yˆ)|
+|Du(yˆ)−Du(y)|
≤ C(|x− xˆ|β2 + |y − yˆ|β2) + C|xˆ− yˆ|β1 ,
which is estimated by C|x− y|β2 in this case.
Therefore, combining these cases, we obtain the desired estimate.
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